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Abstract
We construct two interpolating solutions in type II string theory which interpolate
between an AdS5 in the UV and a hyperscaling violating three (spatial) dimensional
Lifshitz space-time in the IR. The first solution is non-supersymmetric and is obtained
from a known intersecting non-supersymmetric D3-brane with chargeless D0-brane
solution of type IIB string theory, by restricting some parameters characterizing the
solution and going to a new coordinate. In the IR the dilaton is non-constant in
general and the metric is three (spatial) dimensional hyperscaling violating Lifshitz
with dynamical critical exponent z = (3 + 3γ)/(3 − γ) and hyperscaling violation
exponent θ = 12/(3 − γ), where γ is a real parameter and can take continuous values
from −1 to +1. At the two extreme values, i.e., for γ = ±1, the dilaton is constant. On
physical grounds it is found that γ must be restricted to lie in the range −1 ≤ γ ≤ 0.
The second solution is supersymmetric and is obtained from the known F-D2 bound
state solution of type IIA string theory by zooming into a particular region of space.
In the UV, the proper description is given in a T-dual frame which is AdS5, whereas
in the IR, it gives a three dimensional hyperscaling violating Lifshitz with z = 3 and
θ = 2 = d− 1.
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2E-mail: shibaji.roy@saha.ac.in
1
1. Introduction : Conventional theoretical tools are inadequate to give explanations of the
physics behind the strongly interacting quantum many body systems. Holography plays a
crucial role in dealing with such systems by mapping them to some gravitational theories
in one dimension higher. This goes by the name AdS/CFT correspondence [1] or more
generally gauge/gravity duality [2] where a strongly coupled field theory in D dimensions
is dual to a weakly coupled gravity theory in D + 1 dimensions. This duality has broad
applications not only for relativistic systems like QCD [3], but also for the non-relativistic
strongly interacting condensed matter systems [4] and can be used to understand the physics
behind such systems. A particular class of latter systems which has attracted a lot of interests
in recent times are those having Lifshitz and Lifshitz-like (with hyperscaling violation) scaling
symmetries at their quantum critical point. Properties of these systems can be understood
by holographically constructing their gravity duals which show the same scaling symmetry
as an isometry (upto a conformal transformation).
In addition to space-time translation and spatial rotation, Lifshitz symmetry is a non-
relativistic scaling symmetry where space and time scale differently t → λzt and xi → λxi
(i = 1, 2, . . . , d, with d being the spatial dimension of the theory, λ, the scaling parameter
and z( 6= 1), the dynamical critical exponent). For d = 2, the gravitational theory whose
solution (metric) exhibits the above scaling symmetry as an isometry has been given in
[5, 6]. Similar metrics have also been shown to arise from different solutions of string theory,
(gauged) supergravity in [7]. When systems have Lifshitz-like scaling symmetry, the physical
quantities do not scale as in the case of Lifshitz symmetry, but they scale as if the dimension
of the system is reduced by a parameter called the hyperscaling violation parameter (θ) [8]. In
the corresponding gravitational theory the solution (or the metric) is not invariant under the
scaling we mentioned, but changes upto a conformal factor ds→ λθ/d ds [9, 10, 11, 12]. These
metrics have also been shown to arise from various string theory and (gauged) supergravity
solutions in [13, 14]. A class of systems belonging to this group satisfying θ = d − 1 is
particularly interesting as they give logarithmic violation of the area law of the entanglement
entropy [11] which in turn indicates the presence of a hidden fermi surface in the system [12].
In the previous works [13] we have shown how space-time having Lifshitz-like symme-
try arises from various supersymmetric string theory solutions. In this paper, among other
things, we will show how similar symmetry can arise from some non-supersymmetric string
theory solution3. However, Lifshitz and Lifshitz-like symmetries being non-relativistic sym-
3These solutions in both asymptotically flat as well as non-flat spaces were originally constructed in
arbitrary dimensions in [15] (see also [16]). Various properties of these solutions, including BPS limits, brane-
antibrane interpretations and open and closed string tachyon condensations were studied in [17, 18]. Similar
non-supersymmetric brane-like solutions in asymptotically AdS5 × S5 spaces have been constructed in [19,
20, 21, 22]. However, no stability analysis has been performed for these non-supersymmetric solutions. The
main reason could be that these solutions have naked singularities and might be called unphysical, however,
their status in full string theory is not at all clearly understood. For extended solutions of the type we are
2
metries we expect them to appear at low energy or at IR of the field theory and this implies
by holography that it should appear when the inverse radial coordinate r → ∞ in the cor-
responding gravity theory. On the other hand, when we go to UV in the field theory, i.e.,
when we take r → 0 in the gravity side we expect that the full relativistic symmetry will be
restored. This in turn implies that there must exist interpolating solutions which will inter-
polate between relativistic solution like AdS5 in the UV (r → 0) and some non-relativistic
solution like Lifshitz or Lifshitz-like solution in the IR (r → ∞). Indeed such solutions
have already been reported in the literature [25, 26, 27, 28, 29, 30, 31, 32]. In [25], some
non-supersymmetric string theory solution interpolating between AdS5 and an anisotropic
Lifshitz has been constructed. In [27], various interpolating solutions of the type mentioned
have been obtained in D dimensional AdS gravity with massive vector field and also in
N = 4, D = 6 gauged supergravity theory. More recently, a supersymmetric string theory
solution interpolating between AdS5 and a Lifshitz with hyperscaling violation with z = 7
and logarithmically running dilaton has been obtained [30]. Different non-supersymmetric
solutions interpolating between Bianchi attractor in the IR and AdS or Lifshitz in the UV
have been constructed in [31].
In this paper we construct both a non-supersymmetric and a supersymmetric interpo-
lating solutions in type II string theory which interpolate between AdS5 in the UV and a
Lifshitz with hyperscaling violation in the IR. For the non-supersymmetric case, We start
from a known non-supersymmetric D3-brane intersecting with chargeless D0-brane solution
of type IIB string theory [33, 18]. This solution is characterized by four independent pa-
rameters. By going to a suitable coordinate, fixing one of the parameters and then zooming
into a suitable region we construct the solution which gives AdS5 in the UV (r → 0) and
a one parameter family of Lifshitz with hyperscaling violation in the IR (r → ∞). For
the hyperscaling violating Lifshitz solution the dynamical critical exponent has the value
z = (3 + 3γ)/(3− γ) and the hyperscaling violation exponent has the value θ = 12/(3− γ),
where γ is a real parameter which takes continuous values in the range −1 ≤ γ ≤ 1. How-
ever, from the form of the energy momentum tensor of the boundary theory, we find that
γ must lie in the range −1 ≤ γ ≤ 0, such that the energy and the pressure densities of
the solution remain positive semidefinite. The dynamical critical exponent, therefore, lies in
the range 0 ≤ z ≤ 1 and the hyperscaling violation exponent lies in the range 3 ≤ θ ≤ 4.
The spatial dimension of the theory is d = 3. The dilaton in general is not constant, but
it becomes constant only at the two extremes when γ = ±1. On the boundary the inter-
polating solution can be interpreted as a flow from N = 4, D = 4 super Yang-Mills theory
to a non-relativistic many body theory in three spatial dimensions having a hyperscaling
going to discuss and also for asymptotically AdS solutions the dynamical stability [23] is usually correlated
with the thermodynamic stability [24] of the solutions. As we will discuss later, even the thermodynamic
stability is not helpful to conclude the stability of the solutions considered here.
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violating Lifshitz symmetry.
For the supersymmetric case, on the other hand, we start from a known 1/4 supersym-
metric F-D2 bound state solution of type IIA string theory. By zooming into a particular
region of space for the F-D2 solution we construct the interpolating solution which interpo-
lates between AdS5 in the UV and a d = 3 hyperscaling violating Lifshitz space-time in the
IR with z = 3 and θ = 2. Actually in the UV, the interpolating solution of F-D2 gives AdS4
× R × S5, with one of the directions (representing R) getting smaller in size and should
be compactified. In that case the solution becomes nine dimensional and in string frame is
given by AdS4× S5, with non-zero dilaton. However, if we want to remain in ten dimensions,
the above supergravity solution is not good as it can not be trusted when the radius of the
circle corresponding to the compact direction becomes small compared to the string length.
The proper supergravity description then would be given by its T-dual configuration which
can be seen to be precisely AdS5 × S5.
2. The interpolating solutions : This section consists of three subsections. In the first
subsection we give the construction of interpolating solution from some non-supersymmetric
D3-brane solution of type IIB string theory. In the second subsection we try to interpret
the interpolation as a flow in the boundary theory. In the third subsection we describe the
construction of interpolating solution from some supersymmetric F-D2 bound state solution
of type IIA string theory.
2.1 Interpolation from non-supersymmetric solution: To construct the interpolating solution
we begin with certain intersecting non-supersymmetric solution of type II string theory
discussed in [33, 18]. In [18], we have constructed non-supersymmetric Dp-brane intersecting
with chargeless D1-brane and D0-brane solution (given in Eqs.(4) – (6) of that paper) for
the purpose of showing an interpolation between black Dp-brane and KK bubble of nothing
and interpreting the interpolation as closed string tachyon condensation4. We will use not
exactly this solution but a variant of it so that there is no D1-brane present. This is achieved
by setting the coefficient of (dx1)2 and that of (dxi)2 for i = 2, 3, . . . , p equal. That means
we put δ0 = δ2 in that solution. Furthermore, we consider p = 3, i.e., it represents non-
supersymmetric D3-brane intersecting with chargeless D0-brane of type IIB string theory.
4We remark that the interpolation from black hole to bubble in gravity solutions occurs when we change
some of the parameters of the solution continuously by hand from one set of values to another. So, the
interpolation occurs through a continuous series of singular solutions. However, this interpolation can be
interpreted as a transition from black hole to bubble by closed string tachyon condensation only under certain
conditions and not in general [18]. The solution we deal with here does not interpolate between black hole
and bubble and so it cannot be interpreted as a transition under any condition.
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The solution can be easily read off from Eqs.(4) – (6) in [18] and can be written as5,
ds2 = −F− 12 (ρ)
(
H(ρ)
H˜(ρ)
) 3δ1
8
+ 3
2
δ0
dt2 + F−
1
2 (ρ)
(
H(ρ)
H˜(ρ)
)
−
5δ1
8
−
1
2
δ0 3∑
i=1
(dxi)2
+F
1
2 (ρ)(H(ρ)H˜(ρ))
1
2
(
H(ρ)
H˜(ρ)
) 3δ1
8 (
dρ2 + ρ2dΩ25
)
e2(φ−φ0) =
(
H(ρ)
H˜(ρ)
) δ1
2
−6δ0
, F5 = (1 + ∗)QVol(Ω5) (1)
where the various functions appearing in the above solution are defined as,
H(ρ) = 1 +
ω4
ρ4
, H˜(ρ) = 1− ω
4
ρ4
F (ρ) =
(
H(ρ)
H˜(ρ)
)α
cosh2 θ˜ −
(
H˜(ρ)
H(ρ)
)β
sinh2 θ˜. (2)
In (1) the metric is given in the Einstein frame, φ is the dilaton field and φ0 is its asymptotic
value. F5 is the self-dual five form, where Q is the charge parameter and ∗ denotes the Hodge
dual. The solution is characterized by seven parameters, namely, α, β, δ0, δ1, ω, θ˜, and Q.
The equations of motion give us three relations among them and they are
α− β = −3
2
δ1
1
2
δ21 +
1
2
α(α +
3
2
δ1) +
3
2
δ20 = (1− 3δ20)
5
4
Q = 4ω4(α + β) sinh 2θ˜. (3)
Therefore, there are actually four independent parameters in the solution6. Also note that
the solution has a singularity at ρ = ω and so, the physical region is given by ρ > ω. We
now make a change of coordinate by the following relation,
ρ = r¯
(
1 +
√
g(r¯)
2
) 1
2
, where, g(r¯) = 1 +
4ω4
r¯4
≡ 1 + r
4
0
r¯4
(4)
5It is possible to take a double Wick rotation of this solution by taking ρ→ it and t→ −ix4 to obtain a
real, time dependent, space-like D3-brane solution which is anisotropic in x4-direction. In a special coordinate
system this solution has recently been shown [34] to give a four dimensional de Sitter space upto a conformal
transformation upon compatification on some six dimensional product space.
6Here one might think that the solution contains too many parameters in contradiction with the Birkhoff’s
theorem. However, we point out that such uniqueness theorem applies for regular manifolds and not for sin-
gular manifolds as is the case here. The physical interpretations of these parameters are not well-understood.
In one interpretation they can be related to number of D3 branes, number of anti-D3 branes, number of D0
branes and a tachyon parameter [33]. Note that since the solution has non-zero D3 brane charge, the number
of D3 branes and number of anti-D3 branes are different and their difference gives the total D3 brane charge.
On the other hand the solution has no D0 brane charge, as this is a non-BPS D0 brane. We remark that
although this is a solution of type IIB string theory, it contains a D0 brane, where this D0 brane is non-BPS.
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and by this the singularity at ρ = ω has now been shifted to r¯ = 0. In terms of this new
coordinate various functions given in (2) take the forms,
H(ρ) = 1 +
ω4
ρ4
=
2
√
g(r¯)
1 +
√
g(r¯)
H˜(ρ) = 1− ω
4
ρ4
=
2
1 +
√
g(r¯)
F (ρ) =
(
H(ρ)
H˜(ρ)
)α
cosh2 θ˜ −
(
H˜(ρ)
H(ρ)
)β
sinh2 θ˜ = G(r¯)g(r¯)
α
2
−1 (5)
where,
G(r¯) = 1 +
r40 cosh
2 θ˜
r¯4
(6)
Note that in writing the last expression for the function F (ρ) in (5) we have used the relation
α+β = 2. This actually fixes one of the independent parameters of the solution and we will
be left with only three independent parameters. Now using (5) in the solution (1), we can
rewrite the metric and the dilaton as follows,
ds2 = −G(r¯)− 12 g(r¯) 14+ 3δ18 + 3δ04 dt2 +G(r¯)− 12 g(r¯) 14− δ18 − δ04
3∑
i=1
(dxi)2 +G(r¯)
1
2
(
dr¯2
g(r¯)
+ r¯2dΩ25
)
e2(φ−φ0) = g(r¯)
δ1
4
−3δ0 , (7)
In writing the metric in (7) we have used the condition α+β = 2 and also the first parameter
relation given in (3), α − β = −(3/2)δ1. Combining these two relations we obtain α =
1− (3/4)δ1 and this is used to eliminate the parameter α in the above metric. Using this in
the second relation given in (3) we obtain a simpler parameter relation as
7
8
δ21 + 21δ
2
0 = 3 (8)
Now let us zoom into the region r¯4 ∼ r40 ≪ r40 cosh2 θ˜ (note that this implies cosh2 θ˜ ≫ 1),
then the harmonic function G(r¯) = 1+ r40 cosh
2 θ˜/r¯4 ≈ r40 cosh2 θ˜/r¯4 ≡ R4/r¯4 and the metric
in (7) would therefore reduce to,
ds2 =
r¯2
R2
(
−g(r¯) 14+ 3δ18 + 3δ04 dt2 + g(r¯) 14− δ18 − δ04
3∑
i=1
(dxi)2
)
+
R2
r¯2
(
dr¯2
g(r¯)
+ r¯2dΩ25
)
(9)
The zooming in here is actually equivalent to taking the parameter θ˜ → ∞, keeping the
other parameter r0 finite. This affects the function G(r¯) as given above but does not change
the form of the function g(r¯). The resulting solution (9) is an exact solution of type IIB
string theory very similar to the near horizon limit of black D3-brane. Asymptotically the
solution (9) has the AdS5 × S5 structure, but the solution has a curvature singularity at
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r¯ = 0 for the generic values of the parameters δ0 and δ1. The singularity is hidden behind
a regular horizon when the parameters take values δ0 = −1/7 and δ1 = −12/7 and in that
case the solution (9) can be shown to take precisely the form of AdS5 black hole times S
5.
One can even get a regular solution in the form of bubble of nothing for these values of the
parameters by taking a double Wick rotation t→ ix1 and x1 → −it, by making x1 compact
with periodicity piR2/r0. But for other values of the parameters, the singularity cannot be
hidden by introducing a blackening factor, as that will not be a string theory solution any
more. The black solution is already included in (9) for the particular values of δ0 and δ1 as
we mentioned and therefore cannot be blackened again. Now changing the coordinate once
more by r = R2/r¯, the metric in (9) and the dilaton take the form,
ds2 =
R2
r2
(
−g(r) 14+ 3δ18 + 3δ04 dt2 + g(r) 14− δ18 − δ04
3∑
i=1
(dxi)2 +
dr2
g(r)
)
+R2dΩ25
e2(φ−φ0) = g(r)
δ1
4
−3δ0 , where, g(r) = 1 +
r40r
4
R8
(10)
The above solution represents the interpolating solution which, as we will show, interpolates
between AdS5 in the UV (r → 0) and a one parameter family of hyperscaling violating
Lifshitz in the IR (r → ∞). The first part is obvious from (10). When we take r → 0, the
function g(r) = 1 + r40r
4/R8 → 1, since both r0 and R are finite. The solution (10) then
takes the form,
ds2 =
−dt2 +∑3i=1(dxi)2 + dr2
r2
+ dΩ25
e2(φ−φ0) = 1, (11)
where we have put both R and r0 to unity for simplicity. Note that there is no parameter
dependence in this case although the solution (10) depends on three independent parameters
as we mentioned before. Also note that since the radius of S5 is constant it gets decoupled
and the dilaton is constant. Thus we get AdS5 in the UV from the solution (10).
Now in the IR, i.e., when we take r → ∞, the metric and the dilaton in (10) take the
form,
ds2 =
1
r4
(
−r3+3γdt2 + r3−γ
3∑
i=1
(dxi)2 +
dr2
r2
)
+ dΩ25
e2(φ−φ0) = rδ1−12δ0 (12)
where γ = (1/2)δ1+ δ0 and again we have put R and r0 to unity for simplicity. To show that
the above metric has Lifshitz-like scaling symmetry, we need to make another coordinate
transformation given by
u2 = rγ−3 (13)
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The metric and the dilaton would then be given as,
ds2 = u
8
3−γ
(
− dt
2
u
2(3+3γ)
3−γ
+
∑3
i=1(dx
i)2
u2
+
4
(3− γ)2
du2
u2
)
+ dΩ25
e2(φ−φ0) = u−
2(δ1−12δ0)
3−γ (14)
It is clear that the part of the metric within bracket given in (14) is invariant under the
scaling t → λzt ≡ λ(3+3γ)/(3−γ)t, xi → λxi, for i = 1, 2, 3 and u → λu. But the whole
metric is not invariant and under the scaling it changes as ds → λθ/dds ≡ λ12/[3(3−γ)]ds,
where d = 3 is the spatial dimension of the boundary theory (since S5 gets decoupled). Thus
the dynamical critical exponent z, the hyperscaling violation exponent θ and the spatial
dimension d of the theory are
z =
3 + 3γ
3− γ , θ =
12
3− γ , d = 3 (15)
Since the solution (14) depends on δ0 and δ1, and they are related by the relation (8) we
therefore get a one parameter family of hyperscaling violating Lifshitz space-time in the IR
(r →∞). One can intuitively try to understand why we have a one parameter solution (14).
Actually, all the solutions we have either in (10) or in (14) are four parameter solutions as we
mentioned. Out of the four we have set r0 = R = 1 and therefore we should be left with two.
Now, since (14) can be seen to come from dimensional reduction of ten dimensional type
IIB on S5, the two parameters must be associated with the two scalars, one coming from the
radius of S5 and the other coming from the ten dimensional dilaton. However, we have fixed
the radius of S5 by putting α+β = 2, and so we will be left with one parameter γ only as is
the case here in (14). Now, as δ0 and δ1 are real parameters, it is easy to see from (8) that
they cannot take arbitrary values. In fact, δ0 must lie in the range 0 ≤ |δ0| ≤
√
1/7 ≃ 0.378,
and δ1 will automatically fall in the range 0 ≤ |δ1| ≤
√
24/7 ≃ 1.852. Now to find the range
of z and θ, we must find the range of the parameter γ = (1/2)δ1+ δ0. Using the relation (8),
it can be checked that the maximum value γ can take is +1 and this occurs when δ0 = 1/7
and δ1 = 12/7, on the other hand the minimum value γ can take is −1 and in that case
δ0 = −1/7 and δ1 = −12/7. It is therefore clear that γ can take any real value in the range
−1 ≤ γ ≤ +1. However, as we will see in the next section that the energy momentum tensor
of the boundary theory will further restrict the values of γ to lie in the range −1 ≤ γ ≤ 0,
otherwise, the energy and the pressure densities of the states associated with the solutions
will become negative. This implies that z and θ will lie in the range 0 ≤ z ≤ 1 and 3 ≤ θ ≤ 4.
Since we have d = 3 in this case we therefore have θ ≥ d. So, when z > 0, such kind of gravity
theories (θ > d) have been argued in [10] to be unstable even though the parameters can be
shown to satisfy the null energy condition. This may not be completely unexpected. After
all, the Lifshitz-like solution is obtained here from non-supersymmetric, singular solution of
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string theory. However, we find that the instability argument discussed in [10] either from
thermodynamics or from entanglement entropy may not straightforwardly apply here. The
reason is, the gravity solutions we have considered are singular and it is not clear how to
study thermodynamics and argue about its thermodynamic instability7. One might think
that since (14) is an exact solution of string theory one can cloak the singularity at u = 0
behind a regular horizon by putting a Schwarzschild-like factor f(u) and f−1(u) in front of
dt2 term and du2 term respectively and thus study the thermodynamics of the system. As
we have mentioned earlier, this way of hiding the singularity may be possible, but will not
be a solution of string theory. Actually all string theory solutions must be of the form (9)
for various allowed values of δ0 and δ1, but it is clear that hyperscaling violating Lifshitz
solutions with blackening factor are not contained in it. It is, therefore, not clear how to
write a finite temperature version of the solution (14) and obtain the form of entropy (as
given in footnote by scaling argument) from there. Also for entanglement entropy, it might
be possible to formally obtain an entanglement entropy for this singular system, but it can
be shown that it does not satisfy the strong subadditivity condition8. So, it is not clear
whether such a quantity can be called an entanglement entropy or not. Also we note from
the solution (14) that the dilaton is in general not constant and eφ has a power law behavior.
So, the dilaton changes as φ→ φ− (δ1− 12δ0)/(3− γ) log λ under the scaling we mentioned
before. However, when γ takes the two extreme values ±1, δ1 and δ0 take values ±12/7 and
±1/7 respectively, the dilaton becomes a constant.
Thus we have shown that the interpolating solution given in (10) indeed interpolates
between AdS5 in the UV (r → 0) to a one parameter family of hyperscaling violating Lifshitz
in three spatial dimensions in the IR (r → ∞) with θ > d. We point out that the original
solution (1) has four independent parameters as we mentioned before and we fixed one of
them by using α + β = 2, while obtaining the interpolating solution. Out of the remaining
three we fixed two more when we used r0 = 1 and R = 1 for simplicity. This is the reason
we obtained a one parameter family of hyperscaling violating Lifshitz in the IR. In the UV
limit, on the other hand, there was no parameter left and we obtained an AdS5 solution with
unit radius.
2.2 Interpretation in the boundary theory : The interpolating solution in the bulk can be
interpreted as a flow in the boundary gauge theory. The dependence of the bulk field on
the inverse radial coordinate r is interpreted as the dependence on the energy parameter
in the boundary theory. In particular, the dilaton being non-constant (except for γ = ±1)
7On the other hand, a simple scaling argument for the Lifshitz theory with hyperscaling violation shows
that the thermal entropy of such theory must scale as S ∼ T (d−θ)/z and so the specific heat for θ > d must
be negative indicating a thermal instability. We thank Sandip Trivedi for pointing this out to us.
8This is also true for any thermodynamically unstable system as discussed in [35].
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implies the running of the ’t Hooft coupling9 since the dilaton couples to the dimension four
operator Tr(F 2) in the gauge theory. The dilaton approaching asymptotically (r → 0) to a
constant value, φ−φ0 ∼ r4, can be interpreted as the flow of the gauge theory to a UV-stable
fixed point [20, 22]. In this case, as we have seen, the geometry (10) reduces to AdS5 (11)
and the corresponding gauge theory at the fixed point is N = 4, D = 4 super Yang-Mills
theory. The solution (10) away from r = 0 can be regarded as a deformation of AdS5, by
the addition of various normalizable modes like the dilaton and the various components of
the metric. Note that although these additions preserve the original SO(6) invariance, they
do not preserve the SO(1,3) Lorentz invariance of the metric (since the coefficient of gtt is
different from those of gii’s, where i = 1, 2, 3). They also break the conformal invariance as
well as supersymmetry [20, 22]. In terms of the boundary gauge theory, we can think of the
additions of these terms as the deformation of the N = 4, D = 4 super Yang-Mills theory.
The additions of various normalizable modes amounts to the turning on the expectation
values of various gauge invariant operators [36]. So, for example, the addition of dilaton gives
an expectation value 〈Tr(F 2)〉 ∼ (δ1− 12δ0) in terms of the dimensionless parameters of the
solution, where δ1 and δ0 are related by the relation (8). Note that the expectation value is
dimensionless and that is because we have set the dimensionful parameters r0 and R to unity.
Also, the addition of the metric components give expectation values of an energy-momentum
tensor [21] in the form 〈Tµν〉 ∼ diag(−3γ, −γ, −γ, −γ), where µ, ν = 0, 1, 2, 3. This energy-
momentum tensor10 can be regarded as arising due to the excitations above the ground state
representing zero temperature N = 4, D = 4 super Yang-Mills theory. Now since the sign
of the energy momentum tensor depends on the sign of γ, it is clear that the states with
γ > 0 are unphysical since that will give negative energy and pressure densities11. From
the form of the energy momentum tensor given above it is clear that it breaks the Lorentz
invariance of the theory and as the boundary theory flows to IR (r →∞), we end up with a
fixed point having a non-relativistic symmetry of the form of Lifshitz scaling symmetry with
9Similar behavior has been noted in some different non-supersymmetric type IIB solution in [20, 22].
10Similar form of energy momentum tensors are given in [21, 22]. Actually the solution we have discussed
in section 2.1 is an isotropic version of the solution discussed in [22]. In fact they can be mapped to each
other by a coordinate transformation when the solution of [22] is made isotropic. Also we have fixed the
value of the volume scalar of the 5-sphere by a special choice of some of our parameters just for simplification
but it is not necessary.
11However, we mention that the negative energy solutions can be obtained from (10) if we make a Wick
rotation t → ix1 and x1 → −it and compactify x1. This way we get new solutions which breaks SO(3)
symmetry down to SO(2) and the expectation value of the energy momentum tensor for these new solutions
would be given as 〈Tµν〉 ∼ diag(+γ, +3γ, −γ, −γ). Now since γ ≤ 0 are physical we see that the new
solutions (with γ < 0) are negative energy solutions. γ = −1 is special since in this case the solution can be
made regular if x1 is made compact with periodicity piR2/r0 as we mentioned earlier. This solution is called
AdS ‘bubble of nothing’ or AdS soliton. In the boundary theory this negative energy manifests itself in the
form of Casimir energy as shown in [21].
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hyperscaling violation. Note that the above energy-momentum tensor is actually traceless,
i.e., ηµν〈Tµν〉 = 0 as it should be. From the form of energy-momentum tensor it is clear that
when γ = 0, it vanishes, indicative of the restoration of Lorentz or relativistic symmetry [22].
Indeed we find from (15) that when γ = 0, the dynamical critical exponent z = 1 and we
recover relativistic symmetry. This happens when δ1 = ±2
√
6/7 and δ0 = ∓
√
6/7. Note that
when γ = 0, energy density vanishes which means that this is a zero energy state. Moreover,
since this state has non-zero VEV of Tr(F 2), supersymmetry is compeletely broken. So, this
is very much like a QCD state at zero temperature. In fact, when γ = 0, the solution (10)
can be mapped exactly to eq.(2.1), (2.2) of [22] (for δ = 2 there) and eq.(3.10), (3.11) of
[37]. The boundary theory with various of its properties, resembling those of QCD, have
been discussed at length in both these references. We would like to point out that in our
study of flows starting from N = 4, D = 4 super Yang-Mills theory, the QCD-like theory for
γ = 0 appears as an intermediate state in the IR and in the deep IR we get a theory which is
conformal to AdS5 × S5. Also, we have seen that when γ = −1, the dilaton remains constant
and in those cases we do not turn on 〈Tr(F 2)〉 in the gauge theory. From the metric in (10) it
can be checked that when γ = −1, i.e., when δ1 = −12/7 and δ0 = −1/7, the metric reduces
precisely to the AdS5 black hole. The boundary theory then represents N = 4, D = 4 super
Yang-Mills theory at finite temperature. For the generic values of γ, the solution given in
(10) can be mapped to the solution discussed in [38]. The boundary theory in this case
has been interpreted as a finite temperature QCD like theory, some whose properties have
been discussed there. Again, we point out that this theory appears only in the intermediate
stage and in the deep IR we get Lifshitz theories with hyperscaling violation as discussed in
previous section.
We, therefore, conclude that the interpolating solution described in section 2.1 can be
interpreted as a flow in the boundary theory for all values of γ in the range −1 ≤ γ ≤
0. Starting from N = 4, D = 4 super Yang-Mills theory in the UV, we end up with a
one-parameter (given by γ) family of non-supersymmetric Lifshitz theory with hyperscaling
violation in the IR (this happens only for −1 < γ < 0), where the various exponents are
given in (15). For γ = 0, the IR theory still remains relativistic although the supersymmetry
is broken by the non-zero VEV of Tr(F 2). In fact the gravity dual in this case can be seen
from (14) to take the form of conformal AdS5 times S
5. On the other hand, for γ = −1,
the theory flows to a finite temperature Yang-Mills theory. Here again the supersymmetry
is broken but we have 〈Tr(F 2)〉 = 0 and 〈Tµν〉 6= 0. For all other values of γ, we have a flow
to hyperscaling violating Lifshitz with θ > d in the IR. Like in the previous cases we always
have broken supersymmetry and the flows are triggered by non-zero VEV of Tr(F 2) and the
energy momentum tensor. Even though the final state is hyperscaling violating Lifshitz with
θ > d, but as we have pointed out that this criterion may not apply in the present context
of non-supersymmetric solutions of string theory to conclude that the gravity solution is
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unstable invalidating the existence of the flow in the boundary theory.
2.3 Interpolation from supersymmetric solution : In subsection 2.1 we obtained a solution
which interterpolates between AdS5 in the UV and a one parameter family of hyperscaling
violating d = 3 Lifshitz solution in the IR from certain non-supersymmetric solution of type
IIB string theory. The Lifshitz solution we obtained in that case has θ > d and might
be unstable. In this subsection we obtain another similar interpolating solution from some
supersymmetric bound state solution (F-D2) of type IIA string theory and in this case the
Lifshitz solution has θ = d− 1 as was noted before in [39].
The quarter supersymmetric intersecting F-Dp bound state solutions of type II string
theory are given in eq.(2.6) of ref.[39] and were obtained from the standard D1-D5 solution
of type IIB string theory by applying a series of T- as well as S-duality symmetries. For
the purpose of constructing the supersymmetric interpolating solution we will take F-D2
solution of type IIA string theory which can be written from eq.(2.6) of ref.[39] for p = 2
and has the following form,
ds2 = H
1
2
2
[
−H−11 H−12 dt2 +H−12
2∑
i=1
(dxi)2 +H−11 (dx
3)2 + dr¯2 + r¯2dΩ25
]
e2(φ−φ0) =
H
1
2
2
H1
, B[2] =
(
1−H−11
)
dt ∧ dx3, A[3] =
(
1−H−12
)
dt ∧ dx1 ∧ dx2 (16)
Here H1,2 are two harmonic functions and are given as,
H1,2 = 1 +
Q1,2
r¯4
(17)
with Q1,2 representing the charges associated with F-strings and D2-branes respectively. B[2]
and A[3] are respectively the NSNS 2-form and RR 3-form which couple to F-strings and D2-
branes. It is clear from the solution above that F-strings lie along x3, whereas D2-branes lie
along x1 and x2. Note that here F-strings are delocalized along x1 and x2 and D2-branes are
delocalized along x3 and they together form a (3+1)-dimensional world-volume. Let us now
zoom into the region,
r¯4 ∼ Q1 ≪ Q2. (18)
Then, the harmonic function H2 can be approximated as H2 ≈ Q2/r¯4, whereas, H1 remains
the same. Therefore, the metric and the other form-fields take the form,
ds2 =
Q
1
2
2
r¯2
[
− r¯
4
Q2
H−11 dt
2 +
r¯4
Q2
2∑
i=1
(dxi)2 +H−11 (dx
3)2 + dr¯2 + r¯2dΩ25
]
e2(φ−φ0) =
Q
1
2
2
r¯2H1
, B[2] =
(
1−H−11
)
dt ∧ dx3, A[3] = − r¯
4
Q2
dt ∧ dx1 ∧ dx2 (19)
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Note that since the solution is no longer asymptotically flat we have dropped a constant in
A[3]. Now changing the coordinate by r = Q
1
2
2 /r¯, the solution (19) reduces to,
ds2 =
Q
1
2
2
r2
[
−H−11 dt2 +
2∑
i=1
(dxi)2 + dr2
]
+
r2
Q
1
2
2
H−11 (dx
3)2 +Q
1
2
2 dΩ
2
5
e2(φ−φ0) =
r2
Q
1
2
2
H−11 , B[2] =
(
1−H−11
)
dt ∧ dx3, A[3] = −Q2
r4
dt ∧ dx1 ∧ dx2 (20)
where H1 = 1+(Q1/Q
2
2)r
4. Eq.(20) is the required interpolating solution12 and we will show
how this interpolates between AdS5 in the UV (r → 0) and a hyperscaling violating Lifshitz
with d = 3, z = 3 and θ = 2 = d − 1 in the IR (r → ∞). It is clear from (20) that in the
UV, as r → 0, H1 → 1 and therefore the solution reduces to
ds2 =
Q
1
2
2
r2
[
−dt2 +
2∑
i=1
(dxi)2 + dr2
]
+
r2
Q
1
2
2
(dx3)2 +Q
1
2
2 dΩ
2
5
e2(φ−φ0) =
r2
Q
1
2
2
, B[2] = 0, A[3] = −Q2
r4
dt ∧ dx1 ∧ dx2 (21)
The metric has the structure AdS4× R × S5, where, R corresponds to x3 direction and
becomes small as r → 0. In that case we can compactify x3 direction and end up with
a nine dimensional solution where the metric will have AdS4× S5 structure (given above
without (dx3)2 term) and the nine dimensional dilaton will have the form e2(φˆ−φˆ0) = r/Q
1/4
2
with the 3-form remaining the same. However, if we want to remain in ten dimensions, the
above supergravity description is not good since in the UV, the radius along the compact x3
direction can become of the order of string length and the stringy effects will be important.
The good description would be given in the T-dual frame, i.e., if we take T-duality along x3
direction. It can be checked by taking T-duality along x3 that, the metric in (21) reduces
precisely to AdS5× S5 and the dilaton becomes constant. The 3-form becomes a 4-form,
whose field-strength must be made self-dual. This is exactly the near horizon structure of
large number of coincident D3-brane configuration. This way in the UV we recover the AdS5
structure.
On the other hand, in the IR when r →∞, the harmonic function H1 ≈ (Q1/Q22)r4 and
therefore, the interpolating solution (20) reduces to
ds2 = Q
3
2
2
[
−Q2
Q1
dt2
r6
+
∑2
i=1(dx
i)2 + dr2
Q2r2
+
(dx3)2
Q1r2
]
+Q
1
2
2 dΩ
2
5
e2(φ−φ0) =
Q
3
2
2
Q1r2
, B[2] = − Q
2
2
Q1r4
dt ∧ dx3, A[3] = −Q2
r4
dt ∧ dx1 ∧ dx2 (22)
12A T-dual version of this solution has been given in [40] but the interpolation there is quite different from
that given here.
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This configuration was obtained in [39] in eq.(2.11) with p = 2. However, note that to match
exactly with the solution given in [39], we have to replace r by Q
1
2
2 r because of slightly
different notation we choose here. In order to see the scaling symmetry we dimensionally
reduce the metric to five dimensions and express the resulting metric in Einstein frame. It
has the form,
ds2 = Q
2
3
1Q
5
3
2 r
4
3
[
−Q2
Q1
dt2
r6
+
∑2
i=1(dx
i)2 + dr2
Q2r2
+
(dx3)2
Q1r2
]
(23)
Now from (23) we observe that under the scaling t → λ3t, x1,2,3 → λx1,2,3 and r → λr,
the part of the metric in the bracket is invariant, but the full metric is not. In fact, under
the above scaling the metric changes as ds → λ2/3ds ≡ λθ/dds, where θ is the hyperscaling
violation exponent. We thus conclude that in the IR, the interpolating solution gives a
hyperscaling violating Lifshitz space-time with spatial dimension d = 3, dynamical exponent
z = 3 and hyerscaling violating exponent θ = 2 = d− 1.
It is, therefore, clear that the solution (20) indeed interpolates between AdS5 in the UV
and a hyperscaling violating Lifshitz with z = 3, d = 3 and θ = 2 in the IR. Note that
although the interpolating solution (20) belongs to type IIA string theory, in the UV its
gravity description is given by AdS5× S5 which is a solution of type IIB string theory. This
is because the metric in (20) does not have a good gravity description in the UV if we want
to remain in ten space-time dimensions, and in that case the only gravity description be
given in the T-dual frame, as we have argued, which takes the solution to type IIB theory.
But the problem in this case is that because of the T-duality transformation, it is difficult to
give the interpretation of this interpolation as a flow in the boundary theory, nevertheless,
it will certainly be interesting to have a better understanding of this issue.
3. Conclusion : To summarize, in this paper we have constructed two type II string theory
solutions which interpolate between an AdS5 metric in the UV and a hyperscaling violating
Lifshitz metric in the IR. Our starting point in the first case was a known non-supersymmetric
D3-brane intersecting with a chargeless D0-brane solution of type IIB string theory. This is
a four parameter solution which gives the interpolating solution when we expressed it in a
suitable coordinate and restricted one of the parameters to a special value. The interpolating
solution gives AdS5 metric in the UV (when r → 0) and a one parameter family of Lifshitz
metric (in three spatial dimension) with hyperscaling violation in the IR (when r → ∞).
The transverse 5-dimensional space which is a 5-sphere gets completely decoupled in the
solution. The IR Lifshitz-like metric has a dynamical critical exponent z = (3+ 3γ)/(3− γ)
and a hyperscaling violation exponent θ = 12/(3− γ), where γ is a real parameter and lies
in the range −1 ≤ γ ≤ 1. From physical arguments we have shown that γ must be restricted
to lie in the range −1 ≤ γ ≤ 0 only. We, therefore, have z lying in the range 0 ≤ z ≤ 1 and
θ lying in the range 3 ≤ θ ≤ 4. When γ = −1, the dilaton is constant, otherwise dilaton is
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a function of inverse radial coordinate r. When γ = −1, the interpolating solution reduces
to the AdS5 black hole. On the other hand, when γ = 0, the Lorentz invariance is restored
and in that case the IR theory is not non-relativistic or Lifshitz-like, rather it is conformal
to AdS5, i.e., relativistic. We have noted that since in the IR we have Lifshitz-like theory
with d = 3 and 3 ≤ θ ≤ 4, we have θ ≥ d. These theories (for θ > d and z > 0) are
usually unstable [10]. However, we have mentioned that the argument of Dong et. al. [10]
may not be as straightforward as we think. This is because the solution itself is singular
and it is not clear how to study thermodynamics and how to define entanglement entropy
for the system with θ > d. We have seen that the interpolation of the supergravity solution
can be understood in the boundary theory as a flow, where on physical grounds we have
excluded the positive values of γ. By this flow N = 4, D = 4 super Yang-Mills theory in
the ultraviolet goes over to an infrared fixed point which is non-relativistic and given by
the strongly interacting many body system with a Lifshitz-like (with hyperscaling violation)
scaling symmetry. This flow is triggered by turning on the expectation values of the operator
Tr(F 2) and various components of an energy-momentum tensor Tµν . They break conformal
invariance, supersymmetry and SO(1,3) Lorentz invariance of the UV theory.
In the second case we consider a quarter supersymmetric F-D2 bound state solution of
type IIA string theory. By zooming into certain region of space in this solution we have shown
how to obtain an interpolating solution which interpolates between AdS5 in the UV and a
hyperscaling violating Lifshitz in d = 3 with z = 3 and θ = 2. Thus in the supersymmetric
case, we indeed find a hyperscaling violating Lifshitz which has θ < d, in fact, it has θ = d−1
in contrast to the non-supersymmetric case where we found that the hyperscaling violating
Lifshitz has θ > d. However, in this case the interpolation involves a T-duality transformation
and that is the reason it is difficult to interpret this interpolation in terms of certain RG
flow in the boundary theory. It would be nice to have a better understanding of this issue
and we leave it for the future.
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